October Math Gems

PROBLEM OF THE WEEK 32

§1 Problems

Problem 1.1. There are 45 rose and 18. These have to put into bouquets which contain
both kinds. All bouquets should have the same number of flowers. Find the maximum
number of bouquets and the number of flowers in them.

answer. Factorise 45 as 3*3*5 and 18 as 2*3*3

Take the highest common factor between the two numbers which is 9

Hence, the number of banquets that can formed is 9 and the total number of flowers
are=2-+5=7 O

Problem 1.2. Use Euclid’s division lemma to show that the cube of any positive integer
is one of these three forms (9%, 9k + 1,9k + 8) note that Euclid division algorithm =
a=bg+r,0<r<b

It indicate that for given positive integers a and b, there exist unique integers ¢ and r
satisfying the equation.

answer. Let a be any positive integer, and b = 3. Substitute b = 3 in equation (1)
a=3q+7r where 0 <r <3,r=0,1,2

Ifr=0,a=3¢q
Cube the value, we get
a’ = 2743

a® = 9(3¢%), where k = 3¢> (2)
If r = 1,a = 3¢ + 1.Cube the value, we get a® = (3¢ +1)% = (27¢> +27¢> +9¢ + 1) =
9(3¢% + 3¢* + q) + 1 where k = 3¢® + 3¢*> + ¢(3)

If 7 = 2,a = 3¢ + 2.Cube the value, we get a® = (3¢ +2)% = (27¢® 4 53¢%> 4 36¢ + 8) =
8(3¢> + 6¢> + 4q) + 8 where k = 3¢3 + 6¢> + 4q(4)
From equation 2,3 and 4,the cube of any positive integer is of the form 9m, 9m + Llor9m +
8. O

Problem 1.3. show that any positive even integer is one of these forms (4q,4q + 2)
where ¢ is the whole number.

answer. Let a be any positive integer and b = 4, then by Euclid’s algorithm,

a = 4q + r, for some integer ¢ > 0 and r =0,1,2,3 .So, a =4q or 4¢+ 1 or 49+ 2 or
4q + 3 because 0 < r < 4.

Now, 4q that is (2 % 2¢) is an even number.
Therefore, 4¢ + 1 is an odd number.
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Now, 4q + 2 that is 2(2¢ + 1) which is also an even number.
Therefore, (4q +2) + 1 = 4¢ + 3 is an odd number.

Hence, we can say that any even integer can be written in the form of 4q or 4q+2
where q is a whole number. ]

Problem 1.4. If the polynomial 2> — 22 + k is a factor ofz* — 623 + 1622 — 262 +10 —a
find the value of a and &

answer. After dividing z* — 623 + 1622 — 262 + 10 —a by 22 — 2z + k

the remainder will be (2k-10)x+(10-a-8k+k?)

As the second polynomial is a factor of the first polynomial.So, if we make the division
the remainder will=0

2k —10 =0,k =5 ==> (10 — a — 8k + k%)=0
10—-a—8%x54+25=0==>-5—-a=0

a=—5 O

Problem 1.5. prove that the perimeter of shaded region is equal to

0
tan 0 0+ ——1
r[tan 6 + sec + 180 ]

A)

answer. IN triangle OAB, tanf = é—ﬁ where OA =r
AB =r tanf

— —_r_ _
cost = 55, OB = 5 = rsect

OP + PB = OB. Therefore, PB =1 sec —r

arc PA = 7r x %. You have AB + PB + arc(PA)= rtan6 + *% +rsectd —r =

r(tan@—i—secﬁ—i—%%—l) O

Problem 1.6. Given that 3% + 3Y = 10 ,and 3®¥ = 5.Then, find

S
answer. sin(cot™'x) = —=
V142
“1_ 1 \_ [1ta?
cos(tan W) =1/ 27z O

Problem 1.7. Evaluate the value of expression in terms of x, cos(tan™!(sin(cot~! x)))
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answer. ’)’L(?’L + 1)04 — Togym + log, m + loggm """ + logon m

log,, 2 + 2log,, 2 + 3log,, 2.... + nlog,, 2
(1+2+3....+n)log,,2= "(”2“) log,, 2 = n(n + 1)1 log,, 2

n(n + 1)log,, V2.Then a = log,, /2 O
1 1 1 1

Problem 1.8. o= + oo + g mor + gy = n(n+1)a

o =

answer. x> +ax +b=0==>a+ = —aand a3 = b
11’48 _ (a4B)’-2ap
CMQ ﬁQ - a262 - a252

a?—2b

b2 0

Problem 1.9. If a and S are the root of the equation z2 + ax + b = 0, then ﬁ + é =
answer. v +axr +b=0==>a+ 3 = —aand af =b
U a?4+82 _ (a+B)?—2a8
OéQ 62 - a2ﬁ2 - 06252
a®—2b

b2 N

Problem 1.10. Let P be a point inside triangle ABC' such that the line AP is the
bisector of the ZBAC, BP is the bisector of ZABC and CP is the bisector of ZACB.
If ZAPB =110°, ZBPC = 120° and ZCPA = 130°, find the angles of triangle ABC.

answer. 32) Let log(n) be the logarithm base 10. By change of base formula:

log(22x)  log(202x)
log(20z)  log(27)

= log 22z - log 2x = log 20z - log 202x
= log 22z - log 2z = (1 + log 2x) - log 202z
= log 22z - log 2x = log 202x + log 2z - log 202x
= log 2z - (log 22z — log 202x) = log 202x

11
log 202z = log 2z - log (—
= log 202z = log 2z Og(lOl)
Thus, we have
log(222)  log(202x) log2x -log ({by) 11
08202(227) log(20x) log(2x) log 2z o8 ( 101)
giving us an answer of 11 + 101 =112, O
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Problem 1.11. Let ABCD be a quadrilateral inscribed in a circle such that ZABC =
60°. Prove that if BC = CD then AB=CD + DA.

Problem 1.12. There is a positive real number x not equal to either % or % such that
logo, (222) = log,,, (202x).

The value logy, (222) can be written as log;(%), where m and n are relatively prime
positive integers. Find m + n.

answer. 32) Let log(n) be the logarithm base 10. By change of base formula:

log(22x)  log(202x)
log(20z)  log(2x)

= log 22z - log 22 = log 20z - log 202x
= log 22z - log 2z = (1 + log 2z) - log 202z
= log 22z - log 2x = log 2022 + log 2x - log 202x
= log 2z - (log 22z — log 202x) = log 202x

11
log 202z = log 2x - log (—
= log 202z = log 2z Og(l(]l)
Thus, we have
log(22z)  log(202z)  log2z -log (1) 11
log, (220) = 2B(E220) _ loa(2020) _ 10r) _ o (L)
log(20x) log(2x) log 2z 101
giving us an answer of 11 + 101 = . O

Problem 1.13. Find the number of real roots of the equation
64:1: _631 _4621 et 41

Problem 1.14. Find the sum of the following infinite series

3 3 3
I+=+ S +5+...
T T e

Problem 1.15. There are real numbers a, b, ¢, and d such that —20 is a root of 22 +ax+b
and —21 is a root of 23 + cx? 4 d. These two polynomials share a complex root m + /n -,
where m and n are positive integers and ¢ = v/—1. Find m + n.

answer. 35)Since we know each polynomial has a real root and share the complex root
m + y/ni, the other root must be the complex conjugate which is m — /ni.

Applying Vieta’s on the equation 23 + ax + b, we find that the sum of the roots is 0.
Therefore,

—20 + (m+ v/ni) + (m — y/ni) =0
2m = 20
m = 10.
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Applying Vieta’s on the equation z2 + cx? + d, we find that the sum of the product of
the roots taken in pairs of 2 is 0. Therefore,

(—21)(m + v/ni) + (=21)(m — v/ni) + (m + /ni)(m — /ni) =0
—21m — 21v/ni — 21m + 21v/ni + m? +n = 0.
We know that m is 10, so

—42(10) + 100 + 7 = 0
n = 320.
Therefore, m + v/ni = 10 + /320, so m + n = 330 O

Problem 1.16. Let a, b, ¢, and d be real numbers that satisfy the system of equations

a+b=-3
ab+bc+ca=—4

abc 4 bed + cda + dab = 14
abed = 30.

There exist relatively prime positive integers m and n such that

ErrR+E+d ="
n
Find m + n.
answer. 36) Let d = 22. Equation (3) becomes :
b+b 12
abe + 30(ab+ be + ca) = abc — 120 =14
abc abc

Hence (abc)? — 14(abc) — 120 = 0. Solving the above we get abc = —6 or abc = 20.
ab+bc+ ca = ab — 3¢ = —4 = ab = 3¢ — 4. If abc = —6, then ¢(3c — 4) = —6. This
gives does not give real solutions for c¢. Hence abc =20. ¢(3c —4) =20 = c¢= —2or
c= 1—3?. If ¢ = 10/3, then the system a + b = —3 and ab = 6. Does not have real solutions

for both a and b. Hence ¢ = —2.

9 9 141
a2+b2+02+d2:9+1_2ab+4:9+20+4+127
The answer is . ]

Problem 1.17. Two infinite geometric series have the same sum. The first term of the
first series is 1, and the first term of the second series is 4. The fifth terms of the two
series are equal. The sum of each series can be written as m + y/n where m and n are
positive integers. Find m +n

Problem 1.18. By using heron’s formula solve the following question
The side lengths of a scalene triangle are the roots of the polynomial

2 —202% + 131z — 281.3

Find the square of the area of the triangle.
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Problem 1.19. Known that

sin?(z) n cos*(x) 1
2 35

Then, tan?(z) =
Problem 1.20. If acos(A) + bsin(A) = acos(B) + bsin(B), show that

A+B) ,2(A+B)_a2—b2
Ty T ey

cos?(

answer. 40)0032A+TB — sm2A+TB = cos(A+ B) acosA+bsinA = acosB+ bsinB Squaring
both sides we get, a?cos?A + b?sin?A + absin2A = a’cos’B + b’sin’B + absin2B
a%(cos? A — cos?B) + b%(sin? A — sin?B) + ab(sin2A — sin2B) = 0

(b — a?)(sin?A — sin?B) + 2abcos(A + B)sin(A — B) = 0

(b? — a?)sin(A — B)sin(A + B) + 2abcos(A + B)sin(A — B) =0

2abcos(A + B) = (a? — b%)sin(A + B)

tan(A+ B) = agflzz

Hence, cos(A+ B) = % O
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